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Quantum manipulation of mechanical resonators has been widely applied in fundamental physics
and quantum information processing. Among them, cooling the mechanical system to its quantum
ground state is regarded as a key step. In this work, we propose a scheme which one can realize
ground-state cooling of resonator in a cavity magnomechanical system. The system consists of a
microwave cavity and a small ferromagnetic sphere, in which phonon-magnon coupling and cavity
photon-magnon coupling can be achieved via magnetostrictive interaction and magnetic dipole in-
teraction, respectively. After adiabatically eliminating the cavity mode, an effective Hamiltonian
which consists of magnon and mechanical modes is obtained. Within experimentally feasible pa-
rameters, we demonstrate that the ground-state cooling of the magnomechanical resonator can be
achieved by extra magnetic damping. Unlike optomechanical cooling, magnomechanical interaction
is utilized to realize the cooling of resonators. We further illustrate the ground-state cooling can be
effectively controlled by the external magnetic field.
I. INTRODUCTION
In recent years, the ferrimagnetic systems has at-
tracted considerable interest, which can realize the strong
light-matter interactions. Among them, the cavity-
magnon systems developed from cavity quantum electro-
dynamics (QED) systems have been theoretically pro-
posed and experimentally demonstrated in the past few
years [1–13, 56]. A highly polished single-crystal yttrium
iron garnet (YIG) sphere is placed in a 3-dimensional
rectangular microwave cavity. Due to YIG sphere’s
high spin density and low damping rate, the Kittel
mode [14] (the ferromagnetic resonance mode) in it can
strongly[8, 15, 16] and even possibly ultrastrong [17] cou-
ple to the microwave cavity photons. Compared with pre-
vious quantum systems, the cavity-magnon system has
the merits of high tunability and good coherence. This
system has shown its extensive application prospects, in-
cluding the bistability of cavity magnon polaritons [18],
the higher-order exceptional point [19], magnon Kerr ef-
fect in strong coupling regime [20], the light transmission
[21] and other researches [22–26].
Cavity optomechanics is a rapidly developing research
area for exploring the radiation-pressure-mediated inter-
action between photons and mechanical systems [27–
35]. In the view of these important results, it is nat-
ural to investigate the magnon-phonon interaction in
YIG spheres and their quantum characteristics. So far,
some approaches on cavity magnomechanical systems
have been proposed [36–40], where the interaction be-
tween magnons and phonons can be achieved by the mag-
netostrictive force (radiation-pressure-like). The varying
magnetization caused by the excitation of the magnons
in the YIG sphere results in the geometric deformation
of the surface, introducing the coupling between magnon
mode and phonon mode. Generally speaking, the mag-
nomechanical state-swap interaction is much small in ex-
periments and can be neglected. However, it can be sig-
nificantly enhanced by driving the magnon mode with a
strong red-detuned microwave field [18, 36].
The cooling of the systems to theirs ground states
is a prerequisite for observing the signature of quan-
tum effects in mechanical systems [41–50, 52]. Accord-
ingly, preparing mechanical quantum states free of ther-
mal noise is a crucial goal in various mechanical sys-
tems. Among them, the cavity magnomechanical sys-
tem has attracted much interest because of its intrinsic
great tunability, low loss, and promising integration with
electromechanical elements. In addition, the cavity mag-
nomechanical system provides a promising platform for
the study of macroscopic quantum phenomena.
Here, we explore theoretically the ground-state cool-
ing of the magnomechanical resonator with experimen-
tally reachable parameters. The system consists of a YIG
sphere placed in a low-Q microwave cavity, and an uni-
form external bias magnetic field. Base on the highly
dissipative cavity mode, the system is effectively trans-
formed into a two-mode system, which is composed of a
magnon mode and a mechanical mode. Then we give the
expression of the final phonon number in the full quan-
tum theory, it illustrates that the magnon mode can be
utilized to cool the resonator to its ground-state. In order
to achieve better cooling effect, a drive magnetic field is
introduced to enhance the magnon-phonon coupling. In
addition, the ground state cooling can be well controlled
by adjusting the external magnetic field without changing
other parameters, which provides an additional degree of
freedom.
The structure of the paper is as follows. In Sec. II, we
frist establish a physical model and give the linearized
Hamiltonian. Then, by assuming the cavity mode is
highly dissipative, the effective Hamiltonian by adiabat-
ically eliminating optical mode is given. We also show
the equations of motion. In Sec. III, we give the ana-
2lytic expression of extra magnetic damping for the mag-
nomechanical resonator, then the final phonon number
is studied. We also find the ground-state cooling of an
magnomechanical resonator can be achieved with the ex-
perimentally feasible parameters. The effects of external
magnetic field on the cooling are also studied. Finally,
we make a conclusion based on the results obtained in
sec. IV.
II. MODEL AND EFFECTIVE HAMILTONIAN
We utilize a hybrid system as shown in Fig. 1(a), which
consists a microwave cavity and a small sphere (a highly
polished single-crystal YIG sphere of diameter 1mm is
used in [20]). The YIG sphere is placed near the maxi-
mum microwave magnetic field of the cavity mode, and
we add an adjustable external magnetic field H in z-axis,
which establishes the magnon-photon coupling [18, 20],
and the rate of coupling can be tuned by the position of
YIG sphere in the cavity. The adjusting range of bias
magnetic field H is between 0 and 1T [20].
Because of the magnetostrictive effect, YIG sphere can
be used as an excellent mechanical resonator. Therefore,
the term of coupling between magnons and phonons can
be introduced into Hamiltonian of our system as men-
tioned in [37]. Based on it, we have the vibrational mode
(phonons) of the sphere.
There are three modes in this system: cavity photon
mode, magnon mode and phonon mode. The equivalent
coupled-harmonic-resonator model is given in Fig. 1(b),
and we assume that the cavity mode is highly dissipa-
tive. Here, a microwave source is used to directly drive
the magnon mode, therefore, the magnomechanical cou-
pling can be enhanced [20, 36]. Moreover, the size of
the sphere we considered is much smaller than the wave-
length of the microwave field. Accordingly, the interac-
tion between cavity microwave photons and phonons due
to the effect of radiation pressure is neglected. After mak-
ing a frame rotating at the drive frequency ωd and using
the rotating-wave approximation, the total Hamiltonian
of hybrid system can be written as (~ = 1)
Htotal = −∆aa†a−∆mm†m+ ωbb†b+
gma(a
†m+m†a) + gmbm†m(b+ b†) (1)
+i(εdm
† − ε∗dm),
where ∆a = ωd − ωa and ∆a = ωd − ωm are the detun-
ings, ωb denotes the resonance frequency of the mechan-
ical mode. A uniform magnon mode in the YIG sphere
at frequency ωm = γgH , where γg/2pi = 28GHz/T is
gyromagnetic ratio, and we set ωm at the frequency of
Kittel mode [14] (uniformly precessing mode), which can
strongly couple to the microwave cavity photons lead-
ing to cavity polaritons. a(a†), m(m†) and b†(b) are
the annihilation(creation) operators of the cavity mode,
magnon mode and mechanical mode, respectively. In
addition, gma and gmb are the coupling rates of the
magnon-cavity interaction and magnon-phonon interac-
tion. i(εdm
† − ε∗dm) is the Hamiltonian which describes
the external driving of the magnon mode.
As we know, gmb is much weak in the experiment [37].
The magnetostrictive coupling strength is determined by
the mode overlap between the uniform magnon mode
and the phonon mode. J. Q. You et al. designed an
experimental setup, where the YIG sphere can be di-
rectly driven by a superconducting microwave line which
is connected to the external port of the cavity [18, 20].
Rabi frequency εd =
√
5
4
γg
√
MB0 (under the assump-
tion of the low-lying excitations) stands for the coupling
strength of the drive magnetic field [36]. The amplitude
and frequency are B0 and ωd respectively, the total num-
ber of spins M = ρV , where V is the volume of the
sphere. Furthermore, ρ = 4.22 × 1027m−3 is the spin
density of the YIG sphere.
The dynamics of the system can be linearized, through
a series of calculations, we have the linearized Hamilto-
nian (see Appendix A)
Hlin = −∆aa†a− ∆˜mm†m+ ωbb†b+ (2)
(Gm† +G∗m)(b+ b†) + (gmam†a+ g∗mama
†),
where ∆˜m = ∆m − gmb(β + β∗) is the modified de-
tuning of the magnon mode, For the parameters we
considered here, gmb(β + β
∗) ≪ ∆m, so we can ap-
proximately have ∆˜m ≈ ∆m. G = ηgmb can be re-
garded as the coherent-driving-enhanced magnomechan-
ical coupling strength with η the average magnetic field
of magnon mode. We have β = −igmb |η|2 /(iωb + γb) by
solving steady-state Langevin equations, and η is given
by
η =
εd(−i∆a + κa)
g2ma + (−i∆m + κm)(−i∆a + κa)
, (3)
where κa, κm and γb are the losses of microwave cavity
mode, magnon mode and mechanical mode, respectively.
Because η is affected by the driving field, We can enhance
G by tuning the external driving field εd. Note that the
nonlinearity in ∆m comes from |η|2 intrinsically.
The quantum Langevin equations of the linearized
Hamiltonian Hlin in Eq.(2) are given by
a˙ = (i∆a − κa)a− ig∗mam−
√
2κaain,
m˙ = (i∆m − κm)m− igmaa− iG(b+ b†) (4)
−√2κmmin,
b˙ = (−iωb − γb)b − i(G∗m+Gm†)−
√
2γbbin,
where ain,min and bin are the corresponding noise op-
erators, the correlation functions can be found in the
appendix A. To make the following result within ex-
perimental realizations, the parameters are in accord
with recent cavity magnomechanical work [36–38], i.e.,
3FIG. 1. (a) Schematic illustration of the system, a YIG sphere
is placed in the maximum magnetic field of a microwave cav-
ity mode. And an uniform external bias magnetic field H is
applied along the z-direction to bias the YIG sphere. The
enlarged YIG sphere on the right illustrates how the dynamic
magnetization of magnon (vertical black arrows) causes the
deformation (compression along the y-direction) of the YIG
sphere (and vice versa), which rotates at the magnon fre-
quency. Furthermore, a microwave source is used to drive
the magnon mode. It’s important to note that the bias mag-
netic field (z direction), the drive magnetic field (y direction),
and the magnetic field (x direction) of the cavity mode are
mutually perpendicular at the site of the YIG sphere. (b)
The equivalent coupled-harmonic-resonator model. (c) En-
ergy levels diagram of the effective Hamiltonian in Eq.(10),
|m,n〉 denotes the number state with m the magnon num-
ber of the magnon mode and n the phonon number of the
mechanical mode.
ωa/2pi = ωm/2pi = 10.1GHz of the Kittle mode, γb/2pi =
100Hz, κa/2pi = 1GHz, κm/2pi = 0.15MHz, ωb/2pi =
10MHz, the coupling strength gma/2pi = 20MHz and
gmb/2pi = 0.1Hz. Here, our research is in resolved side-
band regime (κm/ωb < 1).
For this system, cavity mode a does not directly inter-
act with the mechanical mode b. In order to study the
influence of magnon mode on cooling of the mechanical
resonator and make our calculations more convenient, we
show a effective Hamiltonian by assuming the mode a is
highly dissipative. In the limit that κa ≫ gma, G, κm, we
can adiabatically eliminate mode a [51]. The equation
about a in Eq.(4) can be solved.
a =
ig∗mam+
√
2κaain
i∆a − κa . (5)
Then we insert Eq.(5) into the term of m in Eq.(4),
the effective Langevin equation for m is given by
m˙ = (i∆eff − κeff )m− iG(b + b†)−meff,in, (6)
where the effective parameters can be written as
∆eff = ∆m − |gma|
2
∆2a + κ
2
a
∆a, (7)
κeff = κm +
|gma|2
∆2a + κ
2
a
κa, (8)
meff,in =
igma
√
2κaain
i∆a − κa −
√
2κmmin, (9)
where ∆eff is the effective detuning between input drive
magnetic field and magnetic resonance, κeff is the effec-
tive decay rate of the magnon mode and meff,in is the
effective noise operator of the magnon mode. Note that
the effective coupling strength is still G.
After adiabatically eliminating optical mode a and us-
ing the effective parameters we got before, the effective
Hamiltonian reads
Heff = −∆effm†m+ωbb†b+(Gm†+G∗m)(b+b†). (10)
This effective Hamiltonian make the system transform
from the three-level system to an effective two-level sys-
tem. The aboveHeff can also be obtained by the method
of effective master equation [55].
In Fig. 1(c), we show the level diagram of the linearized
Hamiltonian in Eq.(10). There are three kinds of heat-
ing processes corresponding to A, B and C. A represents
the swap heating, B represents the quantum backaction
heating and C represents thermal heating, C is an inco-
herent process arising from the interaction between the
mechanical object and the environment. Our ultimate
goal is to suppress thermal heating, the swap heating and
quantum backaction heating are the accompanying ef-
fect, corresponding to the coherent interaction processes
mb† and m†b†, respectively. The swap heating originates
from the energy exchange between the magnon mode and
the phonon mode, it emerges when the system is in the
strong magnomechanical coupling regime. Meanwhile,
quantum backaction heating can lead to a fundamental
limit for backaction cooling. The cooling processes D,
4FIG. 2. The numerical result of fidelity between the exact
state ρ and the effective state ρeff as a function of t(ω
−1
b ).
The parameters we chosen are the same as those in Fig. 3.
E, and F are related to the energy swapping, counter-
rotating-wave interaction between the magnon mode and
the phonon mode, and the dissipation of magnon mode.
In order to better prove the accuracy ofHeff obtained,
we show the fidelity between the exact state ρ and the ef-
fective state ρeff as a function of t(ω
−1
b ) in Fig. 2, where
ρ and ρeff are the numerical results of Hlin in Eq.(2) and
Heff in Eq.(10) calculated by quantum master equation
ρ˙ = i[ρ,H ] + κaD[a]ρ + κmD[m]ρ + γb(nth + 1)D[b]ρ +
γbnthD[b†]ρ, where D[o]ρ = oρo† − o†oρ/2 − ρo†o/2
(o = a,m, b) are Lindblad superoperators of our system.
Here we choose the same initial state, so fidelity evolved
from 1, then it decreases slightly over time and reaches 1
finally. The reason for slight decrease is the cavity mode
a is highly dissipative. Fig. 2 implies that our effective
Hamiltonian Heff is valid and a good approximation.
III. MAGNOMECHANICAL COOLING
We analyze the ground-state cooling of the whole sys-
tem in the cases of weak and strong magnomechanical
coupling. In the weak magnomechanical coupling regime,
similar to dealing with such problems in optomechani-
cal systems, we use quantum noise approach to get the
extra magnetic damping Γ
md
for the magnomechanical
resonator (see Appendix B)
Γmd = −2ImΣ(ωb) (11)
= 2 |G|2Re[ 1−i(ωb +∆eff ) + κeff
− 1−i(ωb −∆eff ) + κeff ].
By solving the rate equation in the steady state, the
final phonon number can be analytically described by
nf =
A+ + γbnth
Γ
md
+ γb
, (12)
where A+ is the heating rate, its detailed expressions
can be found in Appendix B. nth = (e
~ωb/kBT − 1) is
FIG. 3. (a) damping Γ
md
versus ∆eff with two cou-
pling strengths G/ωb = 0.15 (red solid curve) and 0.075
(blue dotted curve). (b) the final phonon number nf ver-
sus ∆eff with two coupling strengths G/ωb = 0.15 (red
solid curve) and 0.075 (blue dotted curve). Here we set
ωb/2pi = 10MHz, γb/ωb = 10
−5, nth = 1000, κeff/ωb ≃ 0.3,
κm/ωb = 0.15, κa/ωb = 1× 10
2, gma/ωb = 2 and ∆a/ωb = 1.
thermal phonon number of the mechanical resonator, T is
the environmental temperature and kB is the Boltzmann
constant. Here, nf can also be regarded as the cooling
limit. And it can be divided into two parts, one part
is the classical cooling limit γbnth/(Γmd + γb), the other
part is the quantum cooling part A+/(Γmd + γb) and it
corresponds to the heating rate A+ originates from the
quantum backaction.
Fig. 3(a) shows the extra magnetic damping Γ
md
under different ∆eff/ωb with two coupling strengths
G/ωb = 0.15 and G/ωb = 0.075, respectively. It can
be seen that the maximum magnetic damping (gain) is
located at the point ∆eff = −ωb(ωb). From Eq.(11) and
Eq.(12), nf decreases with the increase of Γmd . Fig.
3(b) shows the final phonon number nf under different
∆eff/ωb with two coupling strengths, respectively. It
shows the minimum nf is located at the detuning point
∆eff = −ωb.When G/ωb = 0.15 and G/ωb = 0.075, the
minimums of nf are about 10
−2 and 10−1 respectively,
ground-state cooling of the magnomechanical resonator
can be achieved. Moreover, compared to the two differ-
ent G in Fig. 3(a) and Fig. 3(b), it can be known that
the stronger G, the better effect of ground-state cooling
in weak coupling regime (G < κeff ).
5FIG. 4. The final phonon number nf versus the external mag-
netic field H with two coupling strengths G/ωb = 0.15 (red
solid curve) and 0.1 (blue dotted curve). The other parame-
ters are the same as those in Fig. 3.
In order to study the influence of magnon mode on
the cooling of the oscillator, in Fig. 4, we plot the fi-
nal phonon number nf under different external magnetic
field H with two coupling strengths. We find that for
external magnetic field H , there is an obvious window
in which the ground-state cooling can appear. It shows
the ground-state cooling of the mechanical resonator can
be controlled by tuning H , which presents an additional
degree of freedom in cavity optomechanical systems. By
comparing two different coupling strengths G, increasing
coupling strength widens the window for ground-state
cooling. Note that the external magnetic field H , the
drive magnetic field and the magnetic field of the cav-
ity mode are mutually perpendicular at the site of the
YIG sphere. Consequently, we can just tune H without
affecting the other two.
The recent work shows the strong coupling between
magnon modem and mechanical mode b can be achieved.
From Eq.(10), the covariance approach is used to calcu-
late the mean phonon number Nbs in steady state (see
Appendix C), and this approach is applicable to both
cases of strong couling and weak coupling.
Nbs ≃
4 |G|2 + κ2eff
4 |G|2 (γb + κeff )
γbnth (13)
+
4ω2b (κ
2
eff + 8 |G|2) + κ2eff (κ2eff − 8 |G|2)
16ω2b (4ω
2
b + κ
2
eff − 16 |G|2)
.
For G/ωb = 0.4 (G > κeff ), the other parameters are
the same as those in Fig. 3, we have Nbs ≃ 0.257 by
Eq.(13). Under the same parameters, the numerical so-
lution of the mean phonon number obtained from the
quantum master equation is shown in Fig. 5. Here, we
only need to numerically calculate the mean values of
all the second-order moments instead of the matrix ele-
ments of the density operator ρ (see Appendix C). The
cut-off of the density matrix is not necessary and the
solutions are exact. It can be seen that the numerical
solution Nbs tends to be stable at 0.28 after a period of
oscillation. This agrees roughly with the analytical re-
sult. Note that the analytical and numerical solution are
both obtained under condition ∆eff = − ωb.The results
show that ground-state cooling can be achieved in strong
coupling regime.
The dynamical stability condition of our system can
be given by the Routh-Hurwitz criterion [54]. Y. C. Liu,
et al discussed a similar two-mode coupled system [53].
Referring to their results, the steady-state condition here
is |G|2 < ω2b/4+κ2eff/16 with the detuning ∆eff = −ωb.
And the parameters used here are all satisfied with the
stability condition.
Our discussion is on the premise of low-lying excita-
tion, which is
〈
m†m
〉≪ 2Ns = 5N (N is the total num-
ber of spins). For a 1-mm-diam YIG sphere [18, 20],
N = ΛV ≈ 2.2× 1018, where Λ = 4.22× 1027 is the spin
density of the YIG and V is the volume of the sphere.
For G/2pi = 4MHz, we have |η| = 4 × 107. Finally〈
m†m
〉
= 1.6× 1015 ≪ 5N ≈ 1.1× 1019, the condition of
low-lying excitation is satisfied.
The strong magnon drive we used will led to the un-
wanted Kerr nonlinear term Km†mm†m in the Hamilto-
nian, where K is the Kerr coefficient. For the 1-mm-diam
YIG sphere, K/2pi ≈ 10−10Hz. For G/2pi = 4MHz, we
have εd = 4× 1014Hz. When the parameters satisfie the
condition K |〈m〉|3 ≪ εd, Kerr nonlinear term can be ne-
glected. Here, K |〈m〉|3 = 6.4× 1012 ≪ εd = 4× 1014Hz.
Therefore, it implies that our linearized model is a good
approximation.
IV. CONCLUSIONS
In summary, we have studied ground-state cooling in a
cavity magnomechanical system, which has three modes:
cavity photon mode, magnon mode and phonon mode.
The magnon and mechanical modes are coupled to each
other through the magnetostrictive interaction. By as-
suming the cavity mode is highly dissipative, we adia-
batically eliminate cavity mode, and the effective Hamil-
tonian is given. Which is consist of two mode: magnon
mode and phonon mode. Then we study the final phonon
number numerically and analytically. And we find the
ground-state cooling of magnomechanical resonator can
be achieved by using experimentally feasible parameters.
Different from the existing optomechanical cooling sys-
tem, the extra magnetic damping is the reason of cavity
magnomechanical cooling intrinsically. In other words,
we can utilize magnon mode to achieve the cooling of
mechanical mode. Furthermore, the ground-state cool-
ing can be well controlled by adjusting the magnetic field
without changing other parameters, which provides an
additional degree of freedom.
Because the cavity magnomechanical system has in-
trinsic great tunability, low loss, and promising integra-
tion with electromechanical elements, we believe that the
proposed scheme provides a promising platform to the
further investigation of cooling of mechanical resonator.
6FIG. 5. The numerical result of the mean phonon number Nbs as a function of t(ω
−1
b ). Here, we set G/ωb = 0.15, the other
parameters are the same as those in Fig. 3.
And we hope it opens up new way to the foundations of
quantum physics and applications. In addition, cooling
the mechanical system to its quantum ground state is also
an important guarantee for realizing quantum operations
in quantum information processing.
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Appendix A: linearization of Hamiltonian
From Eq.(1), the quantum Langevin equations (QLEs)
of the system are given by
a˙ = (i∆a − κa)a− igmam−
√
2κaain,
m˙ = (i∆m − κm)m− igmaa− igmbm(b+ b†)(A1a)
+εd −
√
2κmmin,
b˙ = (−iωb − γb)b − igmbm†m−
√
2γbbin,
where ain,min and bin are the corresponding noise opera-
tors with zero mean values, and the correlation functions
for these noise operators can be written as〈
ain(t)a
†
in(t
′)
〉
= δ(t− t′),〈
a†in(t)ain(t
′)
〉
= 0,〈
min(t)m
†
in(t
′)
〉
= δ(t− t′), (A2a)〈
m†in(t)min(t
′)
〉
= 0,〈
bin(t)b
†
in(t
′)
〉
= (nth + 1)δ(t− t′),〈
b†in(t)bin(t
′)
〉
= nthδ(t− t′),
where nth is thermal phonon number of the mechanical
resonator, and it can be regarded as nth = (e
~ωb/kBT −
1), T is the environmental temperature and kB is the
Boltzmann constant.
Then we rewrite each Heisenberg operator as a sum
of its steady-state mean value and the quantum fluctu-
ations, i.e., a = α + a,m = η + m and b = β + b. By
separating the classical and quantum components, the
quantum Langevin equations (QLEs) can be rewritten
as
a˙ = (i∆a − κa)a− ig∗mam−
√
2κaain,
m˙ = (i∆˜m − κm)m− igmbη(b+ b†) (A3a)
−igmbm(b+ b†)− igmaa−
√
2κmmin,
b˙ = (−iωb − γb)b − igmb(η∗m+ ηm†)− igmbm†m
−
√
2γbbin,
where ∆˜m = ∆m − gmb(β + β∗). Here, under the strong
driving condition, the nonlinear terms igmbm(b+ b
†) and
igmbm
†m can be neglected, then we have linearized quan-
tum Langevin equations, and the Hamiltonian in Eq.(1)
is rewritten as an linearized Hamiltonian
Hlin = −∆aa†a− ∆˜mm†m+ ωbb†b
+(Gm† +G∗m)(b + b†)
+(gmam
†a+ g∗mama
†), (A4a)
where G = ηgmb is the coherent-driving-enhanced mag-
nomechanical coupling strength, and ∆˜m = ∆m −
gmb(β+β
∗) is the modified detuning of the magnon mode.
Appendix B: weak coupling
Similar to the method used in cavity optomechanical
systems, we study the cooling rate of the magnomechan-
ical resonator by using the quantum noise spectrum of
the magnetic force.
In weak coupling regime (G < κeff ), the quantum
noise approach is feasible. From Eq.(10), Fm(t) =
7m˜x¨+ m˜ω2bx and p˙+ m˜ω
2
bx = − 1xZPF [G∗m(t) +Gm†(t)],
the magnetic force operator can be obtained as
Fm(t) = − 1
xZPF
[G∗m(t) +Gm†(t)], (B5a)
where m˜ is the effective mass of the mechanical resonator,
p is the momentum operator, x = xZPF (b + b
†) is the
position operator and xZPF =
√
1/(2m˜ωb)(xZPF is the
zero-point fluctuation amplitude of the mechanical oscil-
lator). Using the Fourier transform of the autocorrelation
functions, the quantum noise spectrum is given by
SFF (ω) =
∫
〈Fm(t)Fm(0)〉 eiωtdt. (B6a)
In the absence of the magnomechanical coupling, the
term of m in the Langevin equations of the effective
Hamiltonian Heff can be expressed as
−iωm(ω) = (i∆eff − κeff )m(ω)
−√2κeffmeff,in. (B7a)
Here, we transform m(t) to the frequency domain.
Then using Eq.(B5a) and Eq.(B6a), the spectral density
of the magnetic force is described by
SFF (ω) =
2κeff |Gχ(ω)|2
x2ZPF
,
where the response function is
χ(ω) =
1
−i(ω +∆eff ) + κeff . (B9a)
The cooling and heating rates can be given by A− =
SFF (ω)x
2
ZPF and A+ = SFF (−ω)x2ZPF , respectively.
And they correspond to the rates for absorbing and emit-
ting a phonon, respectively.
By considering the magnomechanical coupling, the
Langevin equations of the effective Hamiltonian Heff are
given by
−iωm(ω) = (i∆eff − κeff )m(ω)
−iG[b(ω) + b†(ω)]
−√2κeffmeff,in(ω), (B10a)
−iωb(ω) = (−iωb − γb)b(ω)
−i[G∗m(ω) +G(ω)m†(ω)]
−
√
2γbbin(ω), (B10b)
where noise operators meff,in(ω) and bin(ω) are the
corresponding noise operators in the frequency domain.
from which we obtain
b(ω) ≃
√
2γbbin(ω)− i
√
2κefff(ω)
iω − i[ωb +Σ(ω)]− γb ,
where f(ω) = G∗χ(ω)meff,in(ω) + Gχ∗(−ω)m†eff,in(ω).
The reason for the approximation is we consider ω ≃ ωb,
in this way, the terms containing b†(ω) can be neglected.
Σ(ω) = −i |G|2 [χ(ω)− χ∗(−ω)] is the magnomechanical
self energy. Then the frequency shift δωb and the extra
magnetic damping Γ
md
are given as
δωb = ReΣ(ω), (B12a)
Γ
md
= −2ImΣ(ω) = A− −A+. (B12b)
Using similar methods in cavity optomechanical sys-
tems, from the rate equation for the probability Pn(t)
and the average phonon number n¯ =
∑∞
n=0 nPn [27], and
after making ˙¯n = 0, we have the final phonon number nf
nf =
A+ + γbnth
Γ
md
+ γb
. (B13a)
Appendix C: Strong coupling
Because of the introduction of external drive magnetic
field, the whole system can enable strong coupling (G >
κeff ) between magnon mode m and mechanical mode b
by adjusting the intensity of driving field.
For the linear regime under strong driving, the mean
phonon number can be computed exactly by the quan-
tum master equation. From the effective Hamiltonian in
Eq.(10), the quantum master equation can be described
by
ρ˙ = i[ρ,Heff ]m+ κeffL(m)ρ
+γb(nth + 1)L(b)ρ
+γbnthL(b†)ρ, (C14a)
where the Lindblad superoperators are given by
L(o)ρ = oρo† − o†oρ/2− ρo†o/2(o = m, b).(C15a)
Since the Hamiltonian is linear, we can only calculate
the mean values of all the second-order moments, Such as〈
m†m
〉
,
〈
b†b
〉
,
〈
m†b
〉
, 〈mb〉 , 〈m2〉 , 〈b2〉 and the conjuga-
tion of the last four terms. In the stable regime, under
the conditions ∆eff = − ωb and 4 |G|2 /(γbκeff ) ≫ 1,
Nbs is calculated as
Nbs ≃
4 |G|2 + κ2eff
4 |G|2 (γb + κeff )
γbnth (C16a)
+
4ω2b (κ
2
eff + 8 |G|2) + κ2eff (κ2eff − 8 |G|2)
16ω2b (4ω
2
b + κ
2
eff − 16 |G|2)
.
Note that no cut-off of the density matrix is required
in this solution, and it holds for both weak and strong
coupling regimes.
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